We suggest a method for trapping photons in quasi one-dimensional waveguide or coupled-resonator lattices, which is based on an optical analogue of the Aharonov-Bohm cages for charged particles. Light trapping results from a destructive interference of Aharonov-Bohm type induced by a synthetic magnetic field, which is realized by periodic modulation of the waveguide/resonator propagation constants/resonances. c 2014 Optical Society of America OCIS codes: 230.7370, 350.1370, 000.1600 Realization of artificial magnetic fields at small length scales in photonic structures has received a great and increasing interest in the past few years, paving the way toward the realization of novel mechanisms for the control and manipulation of light [1][2][3][4][5][6][7][8][9][10][11][12]. Photons subjected to artificial gauge fields can behave like electrons in topological insulators [13], thus sustaining topologicallyprotected edge modes that propagate immune of disorder [4, 5, 10, 12]. Like for charged particles in a magnetic field, photons in an artificial gauge field also acquire an additional phase of the Aharonov-Bohm (AB) type, which can be exploited to realize AB interference effects with photons. AB effects for photons have been predicted in several theoretical works (see, e.g., [14][15][16][17]) and observed in a few recent experiments [18][19][20] at both microwave and optical frequencies. In this Letter we suggest a method for trapping photons in quasi one-dimensional waveguide or coupled resonator lattices, which is inspired by a photonic analogue of AB caging for charged particles [21][22][23][24][25][26][27][28]. AB caging, originally proposed in Ref.
Realization of artificial magnetic fields at small length scales in photonic structures has received a great and increasing interest in the past few years, paving the way toward the realization of novel mechanisms for the control and manipulation of light [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Photons subjected to artificial gauge fields can behave like electrons in topological insulators [13] , thus sustaining topologicallyprotected edge modes that propagate immune of disorder [4, 5, 10, 12] . Like for charged particles in a magnetic field, photons in an artificial gauge field also acquire an additional phase of the Aharonov-Bohm (AB) type, which can be exploited to realize AB interference effects with photons. AB effects for photons have been predicted in several theoretical works (see, e.g., [14] [15] [16] [17] ) and observed in a few recent experiments [18] [19] [20] at both microwave and optical frequencies.
In this Letter we suggest a method for trapping photons in quasi one-dimensional waveguide or coupled resonator lattices, which is inspired by a photonic analogue of AB caging for charged particles [21] [22] [23] [24] [25] [26] [27] [28] . AB caging, originally proposed in Ref. [21] for tight-binding electrons in certain two-dimensional lattices (including rhombic chains and T 3 , T 4 periodic tilings), exploits the destructive interference among different hopping paths at some special values of the magnetic flux. Such a destructive interference bounds the set of sites that can be visited by an initially localized wave packet, as schematically shown in Fig.1(a) for a rhombic chain. This kind of localization has been demonstrated in superconducting wire networks [25] , mesoscopic semiconductor lattices [26] and arrays of Josephson junctions [27] , but not yet for photons. We note that AB caging is very distinct from other forms of localization in ordered lattices, such as dynamic localization and coherent destruction of tunneling, which have been demonstrated for light beams in recent experiments [29] [30] [31] [32] [33] [34] . To realize photonic AB caging, let us consider light transport in a periodic rhombic chain of coupled optical resonators or waveguides, see Fig.1(a) . For the sake of definiteness, we will refer explicitly to light propagation in a waveguide array [3, 12] , however our analysis holds for coupled optical resonators as well [6] . In the nearestneighbor approximation, the lattice shows three bands with the dispersion relations given by [22] 
where κ > 0 is the hopping rate between nearestneighbor sites. The existence of a flat band is simply due to the bipartite character of the chain, so that partial localization is possible for certain initial excitations even in the absence of the magnetic field [22] . In the presence of an artificial gauge field A(r), the hopping rate κ between the two waveguides (or resonators) at spatial positions r n and r m acquires an additional phase 
where γ ≡ dr · A is the field flux threading each plaquette (square) of the lattice; see Fig.1(a) . The most striking feature is that, for γ = π, the spectrum is made up of three flat bands; see Fig.1(b) . The minimally extended eigenstates corresponding to the three flat bands at γ = π are displayed in Fig.1(c) . As discussed in Refs. [22, 24] , a complete lock-in of any wave packet spreading in the lattice is thus realized (the socalled AB cage). In the optical setting of Fig.1(a) , a synthetic magnetic field can be realized for both coupledcavities or waveguides following the schemes introduced in Refs. [6, 11] . In particular, for coupled waveguides the gauge field is realized by proper longitudinal modulation of the propagation constants of the waveguides [11] via an optical analogue of photon-assisted tunneling [28] . In the nearest-neighbor tight-binding approximation, transport of discretized light in the rhombic waveguide lattice of Fig.1(a) is described by the following equations 
where b n , a n and c n are the modal amplitudes in the upper, middle and lower rows of the chain, respectively, t is the longitudinal spatial coordinate, and V n , W n , X n are the longitudinally-modulated propagation constants of the waveguides. After the gauge transformation a n =
where we have set
To realize a synthetic magnetic field, we slightly perturb the propagation constants V n , W n and X n from the reference value β 0 by adding a stationary gradient term along the horizontal direction and rapidly-oscillating sinusoidal terms in the guides at the upper and lower rows, namely we assume
where σ is the linear gradient rate and A is the amplitude of the sinusoidal modulation at spatial frequency ω.
In a practical design of the waveguide lattice, the index gradient σ is readily introduced by circularly bending the waveguides along the propagation direction t [34] , whereas the weak sinusoidal modulation of the effective index of the guides in the upper and lower rows can be achieved by periodic modulation of the index change or waveguide width [32] . Note that the sinusoidal modulations in the upper and lower rows of the chain are out of phase by 2φ. Note also that the phases ϕ l (t) (l = 1, 2, 3, 4) in Eqs. (4) are independent of the site index n. The spatial frequency ω and the gradient rate σ are usually assumed to be much larger than the hopping rate κ. For A = 0, evanescent tunneling among waveguides is inhibited owing to the large propagation constant mismatch between adjacent guides. Tunneling is restored in the presence of the longitudinal index modulation (A = 0) provided that the resonance condition σ = M ω is satisfied for some integer number M [11] . In this case the phases ϕ l (t) in Eqs. (4) are periodic in t with spatial period T = 2π/ω, and Floquet theory applies. The quasi-energy spectrum = (q) of Eqs.(4) comprises three bands and can be numerically computed by standard methods [24] after introduction of the Ansatz (A n , B n , C n )
, where the functions A(t), B(t) and C(t) are periodic with period T . For the sake of definiteness, the quasi energy spectrum is taken in the range −ω/2 ≤ < ω/2. As an example, Fig.2 shows the numerically-computed quasi energy spectrum as a function of the normalized amplitude modulation Γ = A/ω for a few values of the phase offset 2φ and for increasing values of the ratio ω/κ. For φ = 0, i.e. for in-phase modulation, one quasi energy band is flat, corresponding to = 0, whereas the other two quasi energy bands show narrowing and pseudocollapses at some special values of the normalized amplitude Γ; see Fig.2(a) . As it will be discussed below, in the high-frequency regime such a pseudo-collapse is related to coherent destruction of tunneling. For an out-of-phase modulation, i.e. for φ = 0, the three quasi energy bands are not flat and local narrowing and pseudo-collapses can be oserved like in the φ = 0 case; see Fig.2(b) . Interestingly, at φ = π/(4M ) and in the high-frequency modulation limit the three quasi-energy bands collapse into three flat bands, regardless of the value of the amplitude modulation Γ; see Fig.2(c) . This regime corresponds to the AB caging, which is very distinct from coherent destruction of tunneling. To explain the behavior of the quasi energy bands as the phase φ is varied, let us consider the limit of a high frequency modulation ω κ. In this regime, the rapidly oscillating terms of the couplings κ exp[±iϕ l (t)] entering in Eqs. (4) can be disregarded and only the cycle-averaged terms κ exp[±iϕ l (t)] can be kept at first approximation. This yields the effective coupled-mode equations The upper, middle and lower panels refer to ω/κ = 2, ω/κ = 5, and ω/κ = 15, respectively. In the lower panels (ω/κ = 15) the dashed lines correspond the behavior of the quasi-energy spectrum as predicted in the highfrequency limit by the asymptotic analysis [Eqs. (6)], whereas the arrows show the forcing regime corresponding to coherent destruction of tunneling.
where we have set κ 0 = κJ M (Γ),
and J M is the Bessel function of first kind and order M . The system (6) effectively realizes a rhombic lattice threaded by a magnetic field, where the phase φ of the sinusoidal modulation controls the effective magnetic flux γ in each plaquette. In fact, it can be readily shown that the energy spectrum of Eqs. (6) is give by Eqs. (2), with κ replaced by κ 0 = κJ M (Γ) and with
Note that, for a normalized modulation amplitude Γ such that J M (Γ) = 0 (e.g. Γ 3.83), one has κ 0 = 0 and thus coherent destruction of tunneling is realized, regardless of the value of the magnetic flux γ (i.e. of φ); see the arrows in the lower panels of Fig.2 . This kind of trapping and the related phenomenon of dynamic localization have been discussed and demonstrated in several previous works [29] [30] [31] [32] [33] [34] . AB caging is a different form of localization which is observed for φ = π/(4M ), corresponding to the effective magnetic flux γ = π. In this case the three energy bands are flat, regardless of the value of Γ; see the lower plot in Fig.2(c) . An example of light trapping due to AB caging is shown in Fig.3 . The figure shows the numerically computed evolution of the light intensity distributions |a n | 2 , |b n | 2 and |c n | 2 in a waveguide lattice for parameter values ω/κ = 10, σ/ω = M = 1, Γ = 2, and for two different values of φ, φ = 0 (corresponding the absence of the magnetic field) and φ = π/4 (corresponding to AB caging). The waveguide lattice is initially excited in a single waveguide belonging the central row. The figure clearly shows that light caging is realized for φ = π/4, whereas ballistic transport (discrete diffraction) is observed for φ = 0. To get an idea of physical parameters corresponding to the simulations of Fig.3 , let us consider a rhombic waveguide lattice manufactured in fused silica by femtosecond laser writing [4, 32] and probed at λ = 633 nm. Assuming an horizontal waveguide spacing 2d = 27 µm between adjacent waveguides belonging to the same row [see Fig.1(a) ], the typical coupling rate between nearestneighbor guides is κ ∼ 1 cm −1 . The required index gradient σ for the resonance condition ω = σ is σ 10 cm −1 , which can be obtained by circularly-bending the waveguides in the horizontal plane with a radius of curvature [34] R = 2πn s d/(σλ) 19.56 cm, where n s 1.46 is the substrate refractive index. The refractive index of the waveguides in the upper and lower rows is modulated along the longitudinal direction with a spatial modulation period T = 2π/ω 6.28 mm and modulation depth δn Γλ/T 2 × 10 −4 . Such a modulation can be achieved by periodically varying the speed of the writing femtosecond laser beam, as demonstrated in Ref. [32] . The total length of the waveguide array, corresponding to the maximum normalized propagation distance shown in Fig.3 , is t = 10/κ 10 cm. By varying the phase offset 2φ between the modulation of upper and lower waveguides, from 2φ = 0 (in-phase modulation) to 2φ = π/2 (quadrature-phase modulation), one should be able to observe a transition from ballistic to the AB caging regimes. Our numerical results did not account for losses arising from waveguide bending, which should be considered for a proper array design [34] . However, like in similar experiments on dynamic localization syn-thetic gauge fields in curved waveguide lattices [12, 33] radiation losses are not expected to destroy interference effects leading to AB caging. The lattice is excited at input plane in the waveguide of the middle row at site n = 0. In (d) the evolution of the normalized light intensity |a 0 | 2 , i.e. in the initially excited waveguide, is shown for φ = 0 (dashed curve) and for φ = π/4 (solid curve). Photonic AB caging is clearly observed for φ = π/4.
In conclusion, a mechanism of photon trapping in lowdimensional lattices of optical waveguides or coupled resonators has been proposed, which is based on an optical analogue of Aharonov-Bohm caging of charged particles in a magnetic field. This kind of localization requires a synthetic gauge field and it is thus rather different than other forms of trapping in ordered lattices, such as dynamic localization or coherent destruction of tunneling. Our study has been focused to ordered quasi onedimensional rhombic lattices, however the analysis could be extended to consider other kinds of lattices, such as T 3 tiling [21] , as well as the role of disorder and topological edge states in finite lattices [23, 28] .
